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Hybrid Systems Analysis: Train Control

Challenge

Hybrid Systems

@ Continuous dynamics
(differential equations)

@ Discrete dynamics
(control decisions)
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Logic for Hybrid Systems

RBC

differential dynamic logic Q
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Differential dynamic logic for hybrid systems.
J. Autom. Reas., 41(2):143-189, 2008.
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Safe Switching in Hybrid Systems
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Soundness and Completeness

Theorem (Relative Completeness)

dl calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations.
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Soundness and Completeness

Theorem (Relative Completeness)

dl calculus is a sound & complete axiomatization of hybrid systems
relative to differential equations.

Corollary (Proof-theoretical Alignment)

verification of hybrid systems = verification of dynamical systems!

Corollary (Compositionality)

hybrid systems can be verified by recursive decomposition
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0
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Il d Il
T Y1
X1 = —vitvacosV + wxp
xﬁ = Vo sin 1 — wxy
V= 0—w
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Hybrid Systems Analysis: Air Traffic Control

Y2
0

o] oY e

1 d 1

T Y1
x] = —vi+vacost + wxp
xp = va sin v — wxq
V= 0—w

Example (“Solving” differential equations)
1 . . .
x1(t) = — (xawo cos tw — vow cos twsin ¥ 4 vow cos tw cos tosin ¥ — vipsin tw
wo

+ xpwosin tw — vow cos ¥ cos tosin tw — vowV 1 — sin 92 sin tw
—+ vow cos ¥ cos tw sin tp + vow sin ¥ sin twsin tg) .
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Idea: Exploit Vector Field of Differential Equations

“Definition” (Differential Invariant)

“Logical formula that remains true in the direction of the dynamics”
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Differential Induction for Aircraft Roundabouts

Fx{ =di,d{ = —wda, x5 = do, dy = wd, .]J(x1 — y1)* + (x2 — y2)* > p°
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Differential Induction for Aircraft Roundabouts

F20a —y1)(di — e1) + 202 — y2)(do — &) > 0

3|IX yII2 BIIX —y|? <9||X yII2 Allx=yl? ap?
F di + 5y, €1+ d> + 5, egzaxldl...

= [X1 d1, di = —wdb,xb = dz, d5 = wdi, . J(x1 — y1)? + (2 — y2)? > p?
Yy N
e |
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=
Rpa
LFdf = —wdr,e] = —wex, xh = do,ds = wdi,.]di — e = —w(x2 — y2)
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= 2(X1 yl)(dl — e1) + 2(X2 )(d2 — ) >0

3IIX yII2 BIIX —y|? 3|IX yII2 Allx=yl ap?
F di + 5y, €1+ d> + 5, ezzaxldl...

- [X1 = d1, d1 Wd2aX2 d2v dz wdy, . ](x1 — YI)2 + (2 — }’2)2 >p

Y
e <

F—wdy +wer = —w(dr — &)

O aody) + P uey) = ~ LGy — TR,
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Differential Induction & Differential Cuts

F2(x1 —y1)(—wlxe — y2)) + 202 — y2)w(x1 —y1) > 0

F20a —y1)(di — 1) + 202 — y2)(d2 — €2) > 0

3|IX yII2 BIIX —y|? 3|IX yII2 Allx=yl ap?
F di + 5y, €1+ d> + 5, egzaxldl...

H [X1 d17d1 o‘-)dQ)X2 - d27d2 —Wdl,..](X]_ —}/1)2+(X2—Y2)2 > p

Proposition (Differential cut saturation)

F differential invariant of [x' = 8 A H]¢, then
[X =0AH¢ iff [x'=0AHAF|¢

F—wdr +wer = —w(dr — &)

Ol + 2 (—wey) =~ BB, - R,

LFdf = —wdr,e] = —wex, xh = do,ds = wdy,.]Jdi — 1 = —w(xo — y2)
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Differential Induction & Differential Cuts

F2(x1 —y1)(~wle — y2)) + 20 — y2)w(xs —y1) 20

= 2(X1 y1)(d1 — 61) + 2(X2 )(d2 — ) >0

3||X yII2 6||X —y|? 3||X yII2 A x—y|? ap®
- di + e + dh+ e > $dy ...

- [X1 = d1, d1 Wd2aX2 d2v dz wdy, . ](x1 — YI)2 + (2 — }’2)2 >p

[refine dynamics] [by differential cut]

F—wdy +wer = —w(da — &)

- AGa (cwda) + A5 (Cwe) = TR - B

CHld = —wd, 6] = —wex, x§ = do, db = wdi,.]di —e1 = —Ww(x2 — y2)
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Successful Hybrid Systems Analysis

o ‘. T
far ST neg SB cor MA
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Theorem Proving for Dynamic Systems

differential dynamic logic
dC = DL + HP

Verifying hybrid systems:
o Logic for hybrid systems++
@ Compositional calculi

@ Algorithms

@ Challenging applications

André Platzer (CMU)
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Theorem Proving for Dynamic Systems

differential dynamic logic j\["

Verifying hybrid systems:
o Logic for hybrid systems++
. Logical Analysis
@ Compositional calculi of Hybrid Systems
@ Algorithms

@ Challenging applications
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