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@ NYU  SpaceEx

Introduction SpaceEx is a software platform for reachability and safety

Hybrid Systems verification of hybrid systems developed at Verimag.

Example
Pa rameter S p a C e E x Stal Sy Exphaies Home About SpaceEx Documentation Run SpaceEx Downloads Contact
EStI m at|0 nin Model Spedfication Options Output Advanced Consale Reports
S pa ce EX Iteration 6... 8 sym states passed, 1 waiting 0.457s 4 || 11.055 elapsed
Model editor Download Iteration 7... 9 sym states passed, 1 waiting 0.841s 20516KE mermory
. . Maodel file :]Browse_ Iteration 8... 10 sym states passed, 1 walting 0.434s SpaceEx output file s outnut ().
Reachabil ity Ana |y5|5 Iteration 9... 11 sym states passed, 1 waiting 0.936s
Configuration file Load| [Save Iteration 10... 12 sym states passed, 1 walting 0.457s
Iteration 11... 13 sym states passed, 1 waiting 0.929s
S u pport Fu nction User input fie ®ricrme Tteration 12... 14 sym states passed, 1 wafting 0.455s
- Iteration 13... 14 sym states passed, 0 waiting 0.917s | =
Examples ® Bouncing Ball {11, .cfa) Found fixpoint after 14 iterations.
S pa ce EX 5 Timed Bouncing Ball { Computing reachable states done after 10.058s | 4
= i Output of reachable states... 0.823s -
) Nondet. Bouncing Ball (.«m, .cfg
) circle (i, .cfg) Graphics

() Fitered Oscilator 6 (e, .cfg)
| f'Flrtered Oscillator 18 (i, .cfg)
@ Fitered Oscilator 34 (xmi; .cfg)

A filtered oscillator.

Same as the 6-variable filtered osdllator, but with a higher order filter,
With 34 state variables, an analysis with octagonal constraints is no
longer practical, since this requires 2*34*2=2312 constraints to be
computed at every time step, The analysis with 2%34=58 box
constraints remains cheap,

Variables: x, y,z,...5

Overview #

Analysis Start Stop

Execution terminated

http://spaceex.imag.fr/
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‘A NYU Hybrid Systems

Introduction

SpaceEx

Hybrid Systems

Example

CMACS
Parameter

Estimation in
SpaceEx T < G2,4

%
Reachability Analysis xr < Gl,z L R2,4(£E)

Support Function €T < Rl,Q(CI]) \

SpaceEx
x € G322
\ T «— Rsa(z)
G
T E 3. x € Ga.3

xr «— R31(x) T — Ry s(x)
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@, <u<u,) N
w=e+u—06)u,—uyg,+wsg,—g,W)
vV =-vg
w=-wg'

KS = S"(uk,.u)g, —sg, <
4 6, <u<6,
u=e+twsg;—g,W)
v = —v g
W= —w g:

\ S = S+(u’ks7u.\') g_\';z =8 gxz

0, <u<0
Y =e—-ug, Il<9w
= —y g‘: i
W - uz6,
= (w.—-w)g,(u)

s = S"(uk,u) g, —s 5/
4 0<u<®o,
u=e-ug,

u<@,

uz0, V =(1_V)gy' =
w = (l_u gwu_ —W) gw(u)
Q = 5 (u,k u) g, 58

Parameter Estimation
with RoVerGeNe.
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i =e+(u—0,

0, <u<u,) Y
)(uu -u)v gﬁ +ws g:i - gm(“)

vV =-vg
. 3
W = —W g‘l'
Q =8 (k1
A

u<o,
>
u=0

Yg, =352,
6, <u< 6, <

w=e+wsg;—g,m)
V=gl

po +
L= gw

\ = S*(u,ks,u_\.) gsz - g.\‘z

Pl S =,
U =e—ug H<9w
Vi = Ve i
. u=6
w=(w.—-w)g,(u)
S*(u,k,u) g —s 5/

u=e-ug,

v =(-v)g,

W= (l-ug, —w) g

Q = 5 (u,k u) g, 58

Parameter Estimation
with RoVerGeNe.

Based on abstractions
by discrete automata.
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e——— SpaceEx, Reachability for:

paceEx

Hybrid Systems

Examglse LHA HA with linear dynamics
MA . .

Parameter :UEP ZUG{AZC"‘U‘UEU}

Estimation in

SpaceEx
Reachability Analysis No parameter estimation.

Support Function

SpaceEx
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Parameter Estimation in SpaceEx

SpaceEx, Reachability for:

LHA HA with linear dynamics
©eP te{Ar+uluel}

Parameters as variables with O derivative.

reachable _°°
final states os

0.7

T
|

final states

|

0.6 4
><N ]
0.5

reachable — ==
states R,

0.3 .

Y initial states
0.2 ——1— ——

03 04 05 06 07 08 09 1.0
X4
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m  Continuous Dynamics: © € Ax U and x(t) € Z

m Hyperplanar guards
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Introduction Describe all z(t) € RY for any t in [0; T] such that :

Reachability Analysis

Reachability Analysis

t(t) = Ax(t) + u(t) with (0) € Xy and u(t) e U
Guards

Representing Sets ) ; . . .

Sl Analytical solution for a given input function u:

Support Function

t
SpaceEx :Ij(t) _ etACC(O) _|_/ e(t—s)Au(S) ds
0
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Reachability for Linear Time Invariant systems

Describe all z(t) € R? for any ¢ in [0; T such that :
t(t) = Ax(t) +u(t) with z(0) € Xy and u(t) € U
Analytical solution for a given input function u:

x(t) = et (0) + /Ot e =4y (s) ds

Temporal discretization:

Reachy, ¢, 15,1(X0) = eAt’fReaCh[075k](X0) @ Reachy, 1,1({0})
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Reachability for Linear Time Invariant systems

Describe all z(t) € RY for any t in [0; T] such that :
t(t) = Ax(t) +u(t) with z(0) € Xy and u(t) € U

Analytical solution for a given input function u:
t
x(t) = e (0) +/ e =4y (s) ds
0

Temporal discretization:

\Ifk_|_1 — \Ifk D GAtk\Ifgk (Z/{)
Y = Qo 5,1 (X0, U) & Uy
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Representing Sets

Operators

Affine transform

Minkowski sum

Intersection

Containment

Convex hull

Polyhedra

4

++

Constraints Vertices

44

++

Zonotopes

ot

+

Support Functions

4ot

++

e+
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Scalable Computation by Transformation

Support Functions

[ Convex Hull ‘

[ Affine Map ]

[ Minkowski Sum ]7

Polyhedra

[ Plotting ]

over/under 4[ Intersection ]
approx.

[ Containment ]
|

exact (LP)
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Introduction

The support function of a compact convex set S C R¢, denoted

Reachability Analysis . .
ps, Is defined as:

Support Function

J
Examples pPS - R — R

Representing sets

¢ — maxgesl-x

Properties
Py, (£)
Q10,5,,1(X0,U)
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Definition

The support function of a compact convex set S C R¢, denoted

ps, Is defined as:

ps -

R — R

¢ — maxgesl-x

e

e

e
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‘A NYU Examples

Introduction m support function of the unit cube B:
Reachability Analysis

Support Function

d—1
PB.. (£) = ||€][1 = Z 4]
1=0

Representing sets

Properties
Py, (£) _ :
Qo,5,.1 (X0, U) m support function of a ball § of center ¢ and radius r:

PQ[O,%](E)
Time Step pS(e) — CK—I_THKHQ

SpaceEx

m support function of a polytope P = {z : Ax < b}: any LP

algorithm solving:
max x - £
Axr <b
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Introduction If S is convex, then:
Reachability Analysis

Support Function — . .
De?il:\iiz: = S = ﬂ {I -l < 103(6)}
Examples /cR4

Representing sets

Properties

Py, (£)
Q10,5,,1(X0,U)
9

Time Step

SpaceEx
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lngiesliichian m Linear transformation:
Reachability Analysis

Support Function ,OAS (é) p— pS (ATK)

Definition

Examples
Representing sets

Py, (£)
Q[Ov(sk:](x()’u)
ING XoY={zr+y:xzeXandyc )}

Time Step

SpaceEx pX@y(f) — ,OX (6) _|_ :037(6)

m  Minkowski sum:

m  Convex union:

PCH(xXUY) () = max(px(£), py(£))
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Py, (6)

Wit1 =
Qg

For any direction /:

Vr1(£) =

\Ifk $ eAtk’ \If(sk (Z/{)
g 5,1 (Ko, U) ® U

Vi(0) + pu, (%) 10)

P () = Py 4, ((€77) 1 0) @ r(0)
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lnciexliction Let A\ € [0, 1], and Q) (Xp,U, ) be the convex set defined by :
Reachability Analysis

Support Function Q)\(Xo,u, (S) = (1 — )\)XO o, )\G(SAXO . )\5[/{

Definition

" D (Aq (Xo,0) N (1 = N)EG (X, 9)) & N*Ex (U, 6)
Representing sets

Pr:pertiets o

pQ,, (£)
where 8§(X0, 5) = [ (@2(|A|, 5) [-] <A2XO)>
20,510 &) and £, (Xp,6) = [ (P2(|Al,0) D (A%e™* X))
z'”’e Ete" and Eg (U, 0) = B (Do(|A], 5) B (AU)) .

paceEx

Then Reachys xs(Xo,U) € Qx\(Xo, U, ). If we define Qg 5(Xo,U) as:

Q[O,(S](XOau) :CH< U Q)\(XOJZ/L(S))?
A€[0,1]

then ReaChojg(Xo) C 9[0,5]()(0,7/{).
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Reachability Analysis Q)\(Xo,u, 5) _ (1 o )\)XO D )\€5AXO n )\5[/{

Support Function

Definition D <>\g§(Xo, (S) M (]. — )\)55(.)(‘0, 5)) D )\2511/ (Z/{, (S)
Examples

Representing sets
Properties

b, (0 Qo5 (Xo.U) = CH( | ] Qa(Xo,U,0)),

Q10,5,,1(X0,U) A€[0,1]

P 5,1 (0

Time Step

SpaceEx
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Reachability Analysis Q)\(Xo,u, 5) _ (1 o )\)XO D )\€5AXO n )\5[/{

Support Function

Definition D <>\g§(Xo, (S) M (]. — )\)55(.)(‘0, 5)) D )\2511/ (Z/{, (S)
Examples

Representing sets
Properties

Py () Qo5 (Xo.U) = CH( | ] Qa(Xo,U,0)),

20,5, (X0, U) A€[0,1]

Time Step

SpaceEx PR 5 (L) = nax, ((1 — N)px () + Apacy ((€24) T0) + Ao pu ()

T Pagin(-Ne, (6) + Npe, (f))
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Time step adaptation with error bounds

m A user defined time step is arbitrary
m [ime step guided by requested quality of approximation:

€0, (6) — P (67 Qk) — P (67 ReaChtlmthrl (XO)))

m linear accumulation of errors
k < €y
T

cw (£ + ew g 0o (€75 0)

m computed independently for each direction
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SpaceEx Platform - Architecture

System Model User Options

Model Editor Specification

Visualization

Text Output /

File Download

Web Browser

remote / Virtual Machine

SpaceEx
Analysis Core

Web Server

Web Interface
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