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‘A NYU Hybrid Systems

Introduction

Motivations

Hybrid Systems

Outline
State of the Art

Abstraction T & GQ 4
x — Ro.4(x)

Conclusion

x € Gia

€T <— RLQ(CIZ’) \

x € G322
\ T« R3 2 ()
T € Ga x € Gags

x «— R31(x) T — Rys(z)

Colas Le Guernic CMACS meeting — 3 / 25



4 NYU Outline

Lifiee eliien A few reflexions on:

Motivations

Fybrid Systems m Reachability for some specific classes of functions f.

e s fg m  Abstractions of arbitrary systems using these specific
Abstraction fLI nCt|OnS.
Conclusion

Including some ongoing work:

m  On Linear Parameter Varying systems with Matthias Althoff
and Bruce Krogh.

m  On multi-affine systems with Radu Grosu, Flavio Fenton,
James Glimm, Scott Smolka and Ezio Bartocci.
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Introduction

State of the Art
f:RY — P (RO

f(z) = {1}

flz) =P

f(z) =A{z} 0 U

f(z) = A{z}

f: RS — P (]Rd)

Abstraction State Of the Art
Conclusion
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flz) = {1}

x € G31
Vi € R31

x € G
Vi € Ri2

Vi € Ra 3
x; — 0
/

x € Gaa
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‘A NYU f(x)="P

Introduction Linear Hybrid Automata

State of the Art
. 0 0 . . . . . .

£ — P (2°) m simple continuous dynamics: conjunctions of linear
x) = {1 . .

constraints a - x < b, a € 2™ beZ

;Eﬂ? - if{cﬂ;@“ m All sets defined by Boolean combinations of linear constraints

f:RdeP(Rd)

Abstraction

Conclusion
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M NYU  f(2)= Az} o U

Introduction More expressive than LHA: f(x) = 0{z} &P

State of the Art
F:RO P (RO)

m  Continuous dynamics: & € A {z} & U,

f(x) ={1} : :

flz) = P m  Switching hyperplanes or Polyhedral guards.
f(z) = A{z} 0 U A~

f(z) = A{z}

f:Rd—>7D(Rd>

Abstraction

Conclusion
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(2,1 may have more than % vertices.
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f(x)=A{z} U

Reachability for LTI:
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f(x)=A{z} U

Introduction

State [of the Art

f:RD—>’P(R0>

f(z)|= {1}
f(z)|=

f(z)|= A{x} '
fFiRE P (]Rd)

Abstraction

Concllsion
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Reachability for LTI:

m  Time discretization: € A{x} DU — xp11 € P{zr} DV
m  Computation of the N first terms of:

Dit = A(PY(Ts1) & V)

—_— = -
e = -

7/ ~
/ ~

VN
7/
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Introduction Reachability for LTI:

State of the Art

7"~ 7 () m Time discretization: 2 € A{x} U — xp11 € P{x} BV

;Eﬂ? = ;1} m Computation of the IV first terms of:
xr) =
(2) = Az} © U _ _
f(x) = A{z} Qpi1 = Oé((I)’Y(Qn_H) D V)
f:Rd%P(Rd) S ————
Abstraction /// IR ~
Conclusion ) AN .
( N
! AN
! \
|\ \\
\ \
\ \
\ \
\ |
\\ |
. !
\\ /
N /
~ -~ } //
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in the number of steps! — wrapping effect
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el el Reachability for LTI:

State of the Art ] ] ] . .

7RO — P (RO) m  Time discretization: © € A{x} DU — x11 € P{lzp} BV
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_ _

f(z) = A} Q1 = a(PY(Qnt1) ® V)

f:RdﬁP(Rd)

Abstraction

Conclusion

The approximation error can be exponential
in the number of steps! — wrapping effect

T:- X — X DY (Oono’y)n:aoTnoy
(xoToy)oa=aoT
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Introduction n—1

State of the Art . '
7180 — 7 () Q= 2" & PPV

f(z) = {1} 1=0
f(z) =P

flz) = A{z} @ U

f(z) = A{z}
F:RE = P (]Rd)
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Introduction

n—1
State of the Art . n 7
P Qn = "0 & (P 'V
#(@) = {1} =0
f(z) =P
f(z) = A{s} @ U
f(z) = A{z} — —
F:RY S P (Rd) Ao = (o An+1 = A,
Abstraction VO - V Vn—|-1 - q)vn
Conclusion S() — {O} Sn—}—l — S’n D VTL

m A, and V; have a constant representation size.
m  We can exploit redundancies of S; (zonotopes, support
functions).
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Introduction S
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f(z) =P
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So = {0} Snit = a(1(Sn) & V)
T: (X, )V, 2)— (PX,9), ZDY) (x0T o))" =aoT"ory

a(y(a(2))@Y)=a(Z28))
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Conclusion
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MNYU  f(2) = Alx) p U

Introduction

State of the Art
F:RO P (RO)

f(e) = {1}
f(2) =P
f(e) = A{a}

f:Rd_wD(Rd>

Abstraction

Conclusion
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MINYU  f(2)={A4z| A e A

ok Rt More expressive than f(x) = A{xz} ® U (in smaller dimension):
State of the Art

FoEl =P (=) A wu T
o io={(5 5) (7) 1ee)

flz) = A{z} @ U
f(z) = A{z}

f:RdﬁP(Rd)

m Time discretization: © € Ax — x,11 € Mz,
m Use of set representations in the space of Matrices.

Abstraction

Conclusion
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MNYU  f(z)={4z | Aec A}

Introduction 2Axis

State of the Art
f: ]RO — P (R())

f(z) = {1}

f(z) =P

fx) =A{z}pU yAxi
'

f:]Rd—>’P(]Rd)

Abstraction

Conclusion

m 8 variables
m 3 discrete locations
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‘A NYU

Introduction

State of the Art

f:]RO_yp(RO)

f(z) = {1}
f(z) ="P
flx) = A{z} U

f(z) = A{x}
f: R — P (]Rd)

Abstraction

Conclusion

flx)={Ax | A e A}

0.05 |
© Or
X
—0.05 ¢
0.1 - | |
_0.1 O 0.1
X5

8 variables
3 discrete locations
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Introduction If we want to use similar techniques:

State of the Art

f:R - P (R?) m Adapt integration schemes:

f(z) = {1}

f(z)="P

f(z) = A{z} B U X > XDof(X)®E
flz) = A{z}

f R — P (RY)

Abstraction [} AbStraCt

Conclusion
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g NYU

Introduction

State of the Art

Abstraction
f:RY - P (RO

Fl@) = {1}

]i(x) =P

@)= A{z} @ U

f(z) = A{z} .
Conclusion AbStra Ctlon
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@ NYU 7RO P (RO

Introduction Rectangular partition.
State of the Art

Abstraction
F:RO P (RO)

f(@) = {1}
Ji(x) =P
f(z) = A{a} @ U
f(z) = A{z}
. —7
Conclusion / \

We need to know if f;(G) NIRRT is empty.
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M NYU RO - P (RO)

Introduction Smooth partitiOn.
State of the Art

m Sign conditions on a set of functions and their derivatives.
m  No transition from (z > 0,2 > 0) to (z < 0,2 > 0)

Abstraction
F:RO P (RO)

fla) = {1}

f(z) =P .

;Ex; _amyeu  We need to check emptiness of the cells.
f(@) = Afa)

Conclusion
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@ANYU () = {1}

Introduction T|med automata.
State of the Art

Abstraction m Partition of the state space in slices

FE = P(R) o Clocks measure time to get from one slice to the other
m  We need to know upper and lower bounds for f;(S).
;Eg - ﬁﬁ@” m Easier when Lyapunov functions are availables

Conclusion
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‘A NYU flx)="P

Introduction LHA

State of the Art

Abstraction m Polyhedral partition

7. RO _, 0 .

;(-I;& {?(R ) m For each cell C of the partition, we need to know f(C)
@) = {1

(:13) =P

ji(x) = A{z}pU

f(z) = A{z}

Conclusion

Colas Le Guernic CMACS meeting — 21 / 25



g NYU

Introduction

State of the Art

Abstraction

f:R - P (R%)

F@) = {1}

f(z) =P

f(z) = A{a} & U
f(z) = A{z}
Conclusion

Colas Le Guernic

LHA

Polyhedral partition

For each cell C of the partition, we need to know f(C)

reachable
final states

o~
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final states
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\__initial states

X4
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g NYU

Introduction

State of the Art

Abstraction

f:R - P (R%)

F@) = {1}

f(z) =P

f(z) = A{z} U
f(z) = A{z}
Conclusion

Colas Le Guernic

flz) =P

LHA

Polyhedral partition
For each cell C of the partition, we need to know f(C)

0.9

restricted  osl
states of sz,

vvvvvvvvvvvvv

0.6

I
x

0.5

04r

final states —

llllll

—initial states

reachable final
states

0.2
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X4
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M NYU  f2) =7

Introduction LHA

State of the Art

Abstraction | POlyhedral partition

= 0 0 .

;(-I;& {T(R ) m  For each cell C of the partition, we need to know f(C)
x) =41

(:v) —

fz) = Ale) ® U | L |

f(z) = A{=z} final states —[ " g " " "

Conclusion 08

. reachable states
vanish at last
iteration

0.7
0.6
X'

0.5
0.4

W
W
VN 1 I :
‘E“ /
N
T\ 3
VV\
\ 4
B\

0.3

» Y initial states
L L L L L L L L L L L L L
0%.3 04 05 06 07 08 09 1.0
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i NYU f(x)=A{z} U

Introduction For each cell C of the partition:

State of the Art

P m Choose linearization A

7R =P () m ComputeUd ={y— Az |z eC,yec f(x)}

flz) = {1}

f(z) =P We want U/ to be as small as possible, how do we choose A?
f(2) = A{z} ©U

f(z) = A{=z}

Conclusion
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M NYVU  fo) = A{z}oUu

e e For each cell C of the partition:

State of the Art

P m Choose linearization A

;0 —P()  w Computeld ={y— Az |z €C,y€ f(x)}
f(z) = {1}

f(z) =P We want U to be as small as possible, how do we choose A?
f(z) = A{z} ®U

xz) = A{x
Z( )| . o We do not really know...
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@NYU 7o) = A{z} o U

Introduction For each cell C of the partition:

State of the Art

P m Choose linearization A

f:ROHP(R% ] ComputeZ/{:{y—ACIj‘:CEC,yEf(CU)}
f(z) = {1}

f(z) =P We want U to be as small as possible, how do we choose A?
f(=) = Af{z} o U

x) = A{x
Z( )| . o We do not really know...

One guess is to take the Jacobian at the center of the cell.
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Introduction

State of the Art

Abstraction

F:RO P (RO)
F(e) = {1}

Ji(x) =P

f(x) = Az} @ U
f(z) = A{z}

Conclusion

Colas Le Guernic

flz)={Az| A€ A}
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MNYU 7o) ={Az | Ac A}

lficslicrion One guess is to take the Jacobians at every point of the cell.
State of the Art

Abstraction

f:R - P (R%)

Fl@) = {1}

Ji(x) =P

f(z) = A{a} & U
f(z) = A{z}
Conclusion
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MNYU 7o) ={Az | Ac A}

Introduction One guess is to take the Jacobians at every point of the cell.
tate of the Art If we find a subset of variables such that:

Abstraction

78 —P(®)  m fis linear in these variables

;Eﬂ - ;1} m no product of two of these variables appear in f
@u We do not need to partition along these variables.

Conclusion
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g NYU

Introduction

State of the Art

Abstraction

Conclusion

Colas Le Guernic

Conclusion

Choosing the right abstraction is rarely easy.

choice of the partition
choice of the class of abstraction
choice of the abstraction in this class
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‘4 NYU Conclusion

Introduction Choosing the right abstraction is rarely easy.
State of the Art

Abstraction choice of the partition
m choice of the class of abstraction
choice of the abstraction in this class

modifying the number of continuous variables
combining different classes of abstractions
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Introduction

State of the Art

Abstraction

Conclusion

Thank you
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